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Markov Chain

Stochastic process:  a stochastic process 

is a collection of random variables on a index set T.
If t represent time, this process models X changing 
over time

A discrete-time Markov chain is a sequence of 
random variables {Xn, n=1,2,…}, Xn Є {0,1,2,…},random variables {Xn, n 1,2,…}, Xn Є {0,1,2,…}, 
with the Markov property, namely that, the next 
state depends only on the current state and notstate depends only on the current state and not 
on the past.



 

Representation of Markov Chain
(1)  Transition matrix

Let Pij represent the probability that the process will make transitions 
f t t I t t t jfrom state I to state j,

L t P [P ] d t th t i f t t iti b bilitLet P=[Pij] denote the matrix of one-setp transition probability
(2) State diagram

Markov chain can also be represented by a directed, weighted graph 
D (V E )D=(V,E,w)
The set of the graph is the set of states of the chain
There is a directed edge (i,j) Є E if and only if Pij,>0
Th i ht (i j) PThe weight w(i,j) = Pij



 

Example: A Communication System

Consider a communications system that transmits 
the digits 0 and 1the digits 0 and 1. 
Each digit transmitted must pass through several 
stagesstages
At each stage there is a probability p that the digit 
entered will be unchanged when it leaves.g
Let Xn denote the digit entering the nth stage, then 
{Xn, n = 0, 1, ...} is a two-state Markov chain



 

More Examples

Random Walk
A Markov chain whose state space is given by the integers i = 0,±1,±2, ... is 

id t b d lk if f b 0 < < 1said to be a random walk if, for some number 0 < p < 1,

It models an individual walking on a straight line who at each point of time either 
takes one step to the right with probability p or one step to the left with p g p y p p
probability 1 − p.

A Gambling Model
A gambler at each game will wins $1 with probability p and losses $1 withA gambler at each game will wins $1 with probability p and losses $1 with 
probability 1-p.
The gambler will quits playing when he goes broke or he attains a fortune of $N.

State 0 and N are called absorbing states since once entered they are never left



 

Chapman-Kolmogorov Equations

n-step transition probability
: the probability that a process in state i will be in state j: the probability that a process in state i will be in state j 

after n additional transitions

Chapman–Kolmogorov equations

It provides a method for computing these n-step transition 
probabilities

represents the probability that starting in i the process 
will go to state j in n + m transitions through a path whichwill go to state j in n  m transitions through a path which 
takes it into state k at the nth transition

If we let         denote the matrix of n-step transition 
probabilities



 

Example 

For example, calculate the probability of going 
f 0 t t t 3 i tl th tfrom 0 to state 3 in exactly three steps.
(1) use the graph, there are four paths:

0-1-0-3, 0-1-3-3, 0-3-1-3, 0-3-3-3
Probability is 3/32+1/96+1/16+3/64=41/192

(2) use transition matrix: 



 

Classification of States

A first step in analyzing the long-term behavior of a 
Markov chain is to classify its statesMarkov chain is to classify its states
Accessible

State j is said to be accessible from state i if            for some 
≥0n≥0.

This implies that state j is accessible from state i if and only 
if, starting in i, it is possible that the process will ever enter 
t t jstate j.

Since if j is not accessible from i, then



 

Communicate
Two states i and j that are accessible to each other are saidTwo states i and j that are accessible to each other are said 
to communicate, write as  i↔j
Any state communicates with itself since

Properties:
(i) fl i St t i i t ith t t i ll i 0(i) reflexive: State i communicates with state i, all i 0.
(ii) symmetric: If state i communicates with state j, then state j 
communicates with state i.
(iii) transitive: If state i communicates with state j, and state j 
communicates with state k, then state i communicates with state 
k.



 

Class
Two states that communicate are said to be in the sameTwo states that communicate are said to be in the same 
class.
Any two classes of states are either identical or disjoint
The concept of communication divides the state space up 
into a number of separate classes

I d iblIrreducible
The Markov chain is said to be irreducible if there is only 
one class, that is, if all states communicate with each other.one class, that is, if all states communicate with each other.
Lemma: A finite Markov chain is irreducible if and only if its 
graph representation is a strongly connected graph



 

Example 

Consider a Markov chain consisting of the four 
t t 0 1 2 3 d h i t iti b bilitstates 0, 1, 2, 3 and having transition probability 

matrix

The classes of this Markov chain are {0, 1}, {2}, 
and {3}.



 

Recurrent and transient
For any state i we let f denote the probability that starting inFor any state i we let fi denote the probability that, starting in 
state i, the process will ever re-enter state i. 

If fi = 1, state i is said to be recurrenti ,
if fi < 1, state i is said to be transient

If state i is recurrent then starting in state i, the process will re-
t t t i i d i d i i fi it l ftenter state i again and again and again—infinitely often.

If state i is transient, starting in state i, the probability that
the process will be in state i for exactly n time periods equalsthe process will be in state i for exactly n time periods equals  

which is the number of time periods that the process will be inwhich is, the number of time periods that the process will be in 
state i has a geometric distribution with finite mean 1/(1 − fi). 



 

More about recurrent:
St t i i t if d l if t ti i t t i thState i is recurrent if and only if, starting in state i, the 
expected number of time periods that the process is 
in state i is infinitein state i is infinite.
Theorem: State i is 

Recurrence is a class property.
Corollary: If state i is recurrent, and state i communicatesCorollary: If state i is recurrent, and state i communicates 
with state j, then state j is recurrent.
It also implies that transience is a class property. If state i is 
transient and communicates with state j then state j musttransient and communicates with state j, then state j must 
also be transient.



 

Example 

Consider the Markov chain having states 0, 1, 2, 
3 4 d3, 4 and 

D t i th t t tDetermine the recurrent state.
Solution: This chain consists of the three classes 
{0, 1}, {2, 3}, and {4}. The first two classes are 
recurrent and the third transient.



 

Example: The Gambler’s Ruin

In a fair game, there are two players.
Each round a player wins $1 with probability 1/2, 
or loses $1 with probability 1/2 
The state of the system at time t is the number of 
dollars won by player 1. The initial state is 0.y p y
Let L1 (L2) be the money player 1 (player 2) have 
The game ends when it reached on of the twoThe game ends when it reached on of the two 
states –L1 or L2. At this point, one player is ruined.
Wh t i th b bilit th t l 1 i LWhat is the probability that player 1 wins L2
dollars before losing L1 dollars?



 

We can formulate the problem as a Markov chain 
ith t b bi t t twith two absorbing, recurrent states.

Clearly –L1 and L2 are recurrent states and allClearly L1 and L2 are recurrent states, and all 
other states are transient.
Let be the probability that after t steps theLet      be the  probability that after t steps, the 
chain is at state i
F L i L t t i i t i t dFor –L1<i<L2, state i is transient and so 



 

Let q be the probability that the game ends with player 1 
winning L2 dollars, so the chain was absorbed into state L22 2
(Similar for state -L1)

For a fair game, the expected gain in each step is 0. Let Wt be 
the gain player 1 after t steps. Then E[Wt]=0 for any t. 
ThusThus 
And

We have 

Thus, the probability of winning (or losing) is proportional to the 
amount of money a player is willing to lose (or win).



 

Limiting Probabilities

Observation

Each of the rows has almost identical entries
is converging to some value (as n →∞) that isis converging to some value (as n ) that is 

the same for all i
There seems to exist a limiting probability that theThere seems to exist a limiting probability that the 
process will be in state j after a large number of 
transitions, and this value is independent of the 
initial state



 

More Properties

Period
St t i i id t h i d d if h i tState i is said to have period d if whenever n is not 
divisible by d,               , and d is the largest integer 
with this property.p p y
For instance, in the random walk case, it has period 2, 
since for any n if odd

Periodic and aperiodic
A state with period 1 is said to be aperiodic, otherwise, 
it is periodic
Periodicity is a class propertyPeriodicity is a class property



 

Positive recurrent
If state i is recurrent, and starting from i, the expected 
time until the process returns to state i is finite, then it 
is said to be positive recurrentis said to be positive recurrent
In a finite-state Markov chain all recurrent states are 
positive recurrentpositive recurrent

Ergodic
P iti t i di t t ll d diPositive recurrent, aperiodic states are called ergodic



 

Stationary Distribution

Theorem
For an irreducible ergodic Markov chain exists andFor an irreducible ergodic Markov chain                 exists and 
is independent of i.
Let 
Then πj is the unique nonnegative solution of 

In another word, let 
We can obtain the stationary distribution by solvingy y g

ill l l h l i f i h hπj will also equal the long-run proportion of time that the 
Markov chain is in state j.



 

Example 

Consider the Markov chain

In the long run, what proportion of time is the 
process in each of the three states?process in each of the three states?
Solution

Solving yieldsSolving yields 



 

Example: A Model of Class Mobility

A problem of interest to sociologists is to determine the 
proportion of society that has an upper- middle- or lower-proportion of society that has an upper , middle or lower
class occupation. 
In a family, we assume that the occupation of a child 
depends only on his or her parent’s occupation. 
The transition probability matrix is given by

For instance we suppose that the child of a middle classFor instance, we suppose that the child of a middle-class 
worker will attain an upper-, middle-, or lower-class 
occupation with respective probabilities 0.05, 0.70, 0.25.
What is the proportion of society in the long term?



 

Solution

So in the long run, 7 percent of its people in upper-
class jobs 62 percent of its people in middle-classclass jobs, 62 percent of its people in middle-class 
jobs, and 31 percent in lower-class jobs.



 Example: Achievable throughput in a 
Input-Queueing packet Switch p g p

High-speed packet switch is designed to handle fixed-length 
packets (cells)
Consider such an N × N cell switch having N input ports and N 
output ports 
Time is slotted, and switching is synchronized to the slotTime is slotted, and switching is synchronized to the slot 
boundaries
The transmission rates on the input and output links be equal
In each slot up to one cell can be received on each of the NIn each slot, up to one cell can be received on each of the N 
input links, and the cell can have any of the N output links as its 
destination.
Destination conflicts: more than one cell with the sameDestination conflicts: more than one cell with the same 
destination arrive at the inputs in a slot
If destination conflicts happen, only one cell can be transmitted 
to the destination linkto the destination link



 

Input-queued (IQ) switch
There is a first in first out (FIFO) queue maintained at eachThere is a first-in-first-out (FIFO) queue maintained at each 
input and an arriving cell is placed at the tail of this queue
The switch is capable of switching one cell to each output 
and one cell from each input
The head-of-line (HOL) blocking problem affects its 
achievable throughputachievable throughput

E.g., in the figure, although output 4 is free, packet c is blocked 
by its HOL packets, a and b, which are waiting for their outputs to 
become freebecome free.

Question: how low is this reduction in the throughput?



 

Analysis

Consider an (N × N) IQ switch operating under 
th t diti f i t t ti Ethe extreme condition of input saturation: Every 
time a cell is switched from the input to its output, 
it i i di t l l d b th llit is immediately replaced by another cell. 
Each input cell chooses output port randomly and 
independently
In the case of destination conflict, one of the cells ,
is chosen randomly to be switched



 

Consider the case for N = 2
Let be the destination of the cell in input i during slot n.Let        be the destination of the cell in input i during slot n.

can be called the state of the switch at the 
beginning of slot n
There are four possible states that the switch can be in: [1, 1], [1,There are four possible states that the switch can be in: [1, 1], [1, 
2], [2, 1], and [2, 2]
The next state only depends on the current state
The switch can be modeled as a four-state discrete time MarkovThe switch can be modeled as a four state discrete time Markov 
chain



 

Solving the Markov chain, we get the stationary 
b bilit f th it h b i i h f th fprobability of the switch being in each of the four 

states to be 0. 25.
T bt i th th h t hTo obtain the throughput, we have

If the system is in state [1, 1] or [2, 2], only one of the cells 
can be switched to the output and the throughput is 0 5 cellcan be switched to the output, and the throughput is 0.5 cell 
per port
If the switch is in either [1, 2] or [2, 1], both cells can be [ , ] [ , ],
switched to their output and the throughput is 1 cell per port

Thus the stationary saturation throughput is
(0.25 × 0.5 + 0.25 × 0.5 + 0.25 × 1.0 + 0.25 × 1.0) = 0.75 cells per port

For larger N, the analysis is complicated since theFor larger N, the analysis is complicated since the 
number of states in the Markov chain will be NN



 

Homework

Write a computer simulation program to verify the  
lt f th G bl ’ R i blresult of the Gambler’s Ruin problem

Paper reading
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C d i M bil Wi l N k M bih 2010Crowds in Mobile Wireless Networks, Mobihoc 2010 
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A th J Ni h l d B i D N blAnthony J. Nicholson and Brian D. Noble, 
BreadCrumbs: Forecasting Mobile Connectivity, 
Mobicom 2008Mobicom 2008


